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Abstract
We construct a macroscopic semiclassical state state for a quantum tetrahedron. The expectation
values of the geometrical operators representing the volume, areas and dihedral angles are peaked
around assigned classical values, with vanishing relative uncertainties.
1 Introduction
In loop quantum gravity (LQG), the geometry of the physical space turns out to be quantised [1, 2].
In particular, by studying the spectral problem associated to the operators representing geometrical
quantities, one finds two families of quantum numbers, which have a direct geometrical interpretation:
SU(2) spins, labeling the links of a spin network, and SU(2) intertwiners, labeling its nodes. The spins
are associated to the area of surfaces intersected by the link, while the intertwiners are associated to
the volume of spatial regions that include the node, and to the angles formed by surfaces intersected by
the links (see [3]). A four-valent link, for instance, can be interpreted as a “quantum tetrahedron”: an
elementary “atom of space” whose face areas, volume and dihedral angles are determined by the spin
and intertwiner quantum numbers. See for instance [4] for a detailed introduction and full references.
Remarkably, the very same geometrical interpretation for spins and intertwiners can be obtained
from a formal quantisation of the degrees of freedom of the geometry of a tetrahedron [5, 6], without
any reference to the full quantisation of general relativity which is at the base of LQG. In this case,
one can directly obtain the Hilbert space H describing a single quantum tetrahedron. The states in
H can be interpreted as “quantum states of a tetrahedron”, and the resulting quantum geometry is
the same as the one defined by LQG.
In this quantum geometry, not all the variables describing the geometry of the tetrahedron turn
out to commute. Consequently, in general there is no state in H that corresponds to a given classical
geometry of the tetrahedron. This fact raises immediately the problem of finding semiclassical quan-
tum states in H that approximate a given classical geometry, in the sense in which wave packets or
coherent states approximate classical configurations in ordinary quantum theory. This is the problem
of defining the “coherent tetrahedron”. The problem of constructing coherent states in LQG has raised
an increasing interest over the last few years [12, 13, 14], in particular in relation to the possibility
of studying the low energy limit of LQG, which is one of the main open issues in this approach to
quantum gravity. For instance, writing semiclassical tetrahedron states is needed in order to develop
the program for computing n-point functions in LQG initiated in [7, 8, 9, 10].
In this paper we propose an explicit construction of a semiclassical quantum state, corresponding
to a given macroscopic geometry of the tetrahedron.
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2 Quantum geometry of the tetrahedron
Let us first summarise well known facts about the quantum geometry of an atom of space. For
simplicity, we do not refer to full LQG, but rather to the direct quantisation of the degrees of freedom
of a tetrahedron.
Consider four irreducible representations (irreps) ji, with i = 1, ...4, of SU(2). Let Hji be the
corresponding representation spaces. The tensor product of these four spaces carries a reducible
representation of SU(2), that can be decomposed in its irreducible components. Denote the ensemble
of the spin-zero components, namely the SU(2) invariant component of the tensor product as
Ij1...j4 := Inv
[
4⊗
i=1
Hji
]
(1)
As we show below following [5, 6], this space can be interpreted as the space of the quantum states of
a quantum tetrahedron whose i-th triangle has area given by the (square root of the) SU(2) Casimir
operator, Ai = ℓ
2
PC(ji). In the following we work in units ℓP = 1, and we take C
2(j) = (j + 12 )
2.
The Hilbert space H :=⊕ji Ij1...j4 describes the degrees of freedom associated to the volume and
the dihedral angles of this atom of quantum geometry. Let us see how this Hilbert space is related
to the classical geometry of a tetrahedron. The classical geometry of a tetrahedron, modulo rotations
and translations, is fully determined by six parameters, for instance the lengths of its six sides, or
the area of its four triangles and two dihedral angles between these faces. This latter case is suitable
for comparison with the quantum theory. Let us call ~ni, i = 1, .., 4 the four normals to the triangles
pointing outward, with length determined by the triangle area as |~ni| ≡ 2Ai. The dihedral angles
θij are given by the scalar products ~ni · ~nj = |~ni||~nj | cos θij , i 6= j. There are relation between the
variables ~ni, Ai. First, we have the closure constraint
∑
i=1...4 ~ni = 0. Second, for any two opposite
angles we have a relation of the form ~n3 · ~n4 = ~n1 · ~n2 + (A1 + A2 −A3 −A4). In terms of the ~ni, the
volume of the tetrahedron is given by the simple relation:
V 2 = − 1
36
ǫabc n
a
1n
b
2n
c
3 = −
1
36
~n1 · ~n2 × ~n3. (2)
The geometry of the tetrahedron is thus completely determined, for instance by the variables
A1, .., A4, θ12, θ13.
The geometric quantisation of these degrees of freedom is based on the identification of generators
of SU(2) as quantum operators corresponding to the ~ni [6]. As mentioned, this construction gives
directly the same quantum geometry that one finds via a much longer path by quantising the phase
space of general relativity. The squared lengths |~ni|2 are the SU(2) Casimirs C2(j), as in LQG. A
quantum state of a tetrahedron with fixed values of the area must therefore live in the tensor product⊗4
i=1Hjiof the spin ji representations spaces. The closure constraint now reads:
4∑
i=1
~Ji = 0, (3)
and imposes that the state of the quantum tetrahedron is invariant under global rotations (simultane-
ous SU(2) rotations of the four triangles). Therefore it is a singlet state, namely an intertwiner map⊗4
i=1Hji → Hj=0 ≡ C. The state space of the quantum tetrahedron with given areas is thus the
Hilbert space of intertwiners Ij1..j4 given in (1). The operators Ji2, ~Ji · ~Jj are well defined on this
space, and so is the operator,
U := −ǫabcJa1 Jb2Jc3 . (4)
U has a symmetric positive/negative spectrum: if u is an eigenvalue, so is −u (see [5, 11]). Its absolute
value |U | can immediately be identified with the quantisation of the classical squared volume 36V 2,
by analogy with (2), again in agreement with standard LQG results.
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To find the angle operators, let us introduce the quantities ~Jij := ~Ji + ~Jj . Their geometrical
interpretation can be found applying the same arguments as above to ~ni + ~nj . It turns out that√
Jij2 is proportional to the area Aij of the internal parallelogram, whose vertices are given by the
midpoints of the segments belonging to either the triangle i or the triangle j but not to both (see [6]),
Aij :=
1
4
√
2
√
Jij2. Given these quantities, the angle operators θ̂ij can be recovered from
Ji Jj cos θ̂ij = ~Ji · ~Jj = 1
2
(J2ij − J2i − J2j ). (5)
We conclude that the quantum geometry of a tetrahedron is encoded in the operators J2i , J
2
ij , U ,
acting on H. It is a fact that out of the six independent classical variables, only five commute in the
quantum theory. Indeed while we have [Jk
2, Ji · Jj ] = 0, it is easy to see that:
[J1 · J2 , J1 · J3] = 1
4
[
J212, J
2
13
]
= i ǫabc J
a
1 J
b
2J
c
3 ≡ −iU 6= 0. (6)
A complete set of commuting operators, in the sense of Dirac, is given by the operators {J2i , J212}. In
other words, a basis for Ij1...j4 is provided by the eigenvectors of any one of the operators J2ij . We
write the corresponding eigenbasis as |j〉ij . For instance, the basis |j〉12 diagonalises the four triangle
areas and the dihedral angle θ12 (or, equivalently, the area A12 of one internal parallelogram).
The relation between different basis is easily obtained from SU(2) recoupling theory: the matrix
describing the change of basis in the space of intertwiners is given by the usual Wigner {6j} symbol,
Wjk := 12〈j|k〉13 = (−1)
∑
i
ji
√
dj dk
{
j1 j2 j
j3 j4 k
}
, (7)
so that
|k〉13 =
∑
j
Wjk|j〉12. (8)
Here we used the notation dj = 2j+1. Notice that from the orthogonality relation of the {6j} symbol,∑
i
di
{
j1 j2 i
j3 j4 j
}{
j1 j2 i
j3 j4 k
}
=
δjk
dj
, (9)
we have ∑
i
WijWik = δjk. (10)
The states |j〉12 are eigenvectors of the five commuting geometrical operators {J2i , J212}, thus the
average value of the operator corresponding to the sixth classical observable, say J213, is on these states
maximally spread. This means that a basis state has undetermined classical geometry or, in other
words, is not an eigenstate of the geometry. We are then led to consider superpositions of states to be
able to study the semiclassical limit of the geometry. Suitable superpositions could be constructed for
instance requiring that they minimise the uncertainty relations between non–commuting observables,
such as
∆2J212 ∆
2J213 ≥
1
4
|〈[J212, J213]〉|2 ≡ 4 |〈U〉|2. (11)
States minimising the uncertainty above are usually called coherent states.
In principle one has two options, (i) to work within the space Ij1...j4 , namely at fixed values of the
spins, or (ii) to work in the whole space H. In the first case one is interested in semiclassical states
with sharp values of the triangle areas and fuzzy values of the dihedral angles; in the second case one
considers also the possibility of fuzzy values of the external areas. Here we consider the first option,
and we show below how to construct states in Ij1...j4 such that all relative uncertainties 〈∆2Jij〉/〈J2ij〉,
3
or equivalently 〈∆θ̂ij〉/〈θ̂ij〉, vanish in the large scale limit. The latter is defined by taking the limit
when all spins involved go uniformly to infinity, namely ji = nki with n 7→ ∞.
Notice that this is a different requirement than minimising (11), thus we expect the semiclassical
states constructed here not to be coherent states.
3 Semiclassical states
To fix ideas, we choose a classical geometry A1, . . . A4, θ12, θ13, and we work in the basis |j〉12. Let us
consider a generic state
|ψ〉 =
∑
j
cj |j〉12 ∈ Ij1...j4 . (12)
We want to select the coefficients cj such that
〈θ̂ij〉 7→ θij , 〈∆θ̂ij〉〈θ̂ij〉
7→ 0 (13)
in the large scale limit, for all ij. The large scale limit considered here is taken when all spins are
large. Consequently, in the following we approximate j + 12 ∼ j.
3.1 Gaussians around θ12
We begin by considering the expectation value of J212,
〈ψ|J212|ψ〉
〈ψ|ψ〉 =
∑
j |cj |2 C2(j)∑
j |cj |2
, (14)
from which we can study the angle operator θ̂12 using (5). We can easily peak the expectation value
of J212 using a Gaussian distribution in (12), such as
cj(j0) =
1
4
√
2πσj
exp
{
− (j − j0)
2
4σj
}
. (15)
Here j0 is a given real number to be linked to θ12 below. We allow the variance σj to have a dependence
on j0, but we restrict this dependence to be of the type j
p
0 with p < 2. More precisely, using the scale
parameter n introduced above, this condition reads σj ∝ np with p < 2. In the large j regime, we can
approximate the sum in (14) with an integral,
∑
j ∼
∫ jmax
jmin
dj ∼ ∫∞−∞ dδj, where δj = j − j0, and we
can compute
〈J12〉 ≃ 1√
2πσj
∫
dδj e
− (j−j0)
2
2σj (j +
1
2
) = C(j0), (16)
〈J212〉 ≃
1√
2πσj
∫
dδj e
− (j−j0)
2
2σj (j +
1
2
)2 = C2(j0) + σj , (17)
so that 〈∆2J12〉 = σj . With the above assumption on the j0 dependence of σj , we have
〈∆2J12〉
〈J212〉
≃ σj
j20
7→ 0 (18)
in the limit j0 7→ ∞. The expectation value of J12 is peaked around j0, with vanishing relative
uncertainty. Consequently, also the angle operator will be peaked,
〈cos θ̂12〉 ≃ j
2
0 − j21 − j22
2j1j2
. (19)
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Using this expression for the expectation value of the angle operator, it is easy to express the parameter
j0 as a function of the desired classical value θ12,
j20 = 2j1j2 cos θ12 + j
2
1 + j
2
2 . (20)
3.2 Phases around θ13: the auxiliary tetrahedron
The next step is to modify (15) such that also θ̂13 is peaked around the classical value θ13, with
vanishing relative uncertainty. To do so, notice that the results obtained above for θ̂12 do not change
if we add a phase to (15). To understand what is the right phase to add to peak θ̂13, let us inspect
the transformation property (8). This is mainly determined by the {6j} symbol. Now, we know from
the Ponzano–Regge model for 3d quantum gravity that the {6j} symbol is the quantum amplitude
of a tetrahedron whose edge lengths are given by the (Casimirs of the) six half–integers entering
the symbol. Then, let us consider an auxiliary tetrahedron, whose six edge lengths are given by
j1, . . . j4, j0, k0, where j0 is given by (the biggest half–integer smaller than) (20) and k0 is a (similar)
function of θ13 to be computed below. In constructing the auxiliary tetrahedron, we take j0 and k0 to
be opposite edges, and j1, j2 and j0 to share a vertex. Consequently, j1 j2 and k0 are coplanar. From
the edge lengths, we can compute the dihedral angles of this auxiliary tetrahedron. In particular, let
us consider the dihedral angles to j0 and k0, which we call φ(j0, k0) and χ(j0, k0) (we omit, for brevity,
the dependence on the fixed j1 . . . j4.). They can be computed from the well–known formulae
sinφ(j0, k0) =
3
2
(j0 +
1
2 )V (je)
A1A2
, sinχ(j0, k0) =
3
2
(k0 +
1
2 )V (je)
A3A4
, (21)
where V (je) is the volume of the tetrahedron with edge lengths ℓe = je +
1
2 and A1, A2 (respectively
A3, A4) are the triangles sharing the edge j0 (k0). Here we introduced the notation je = {ji, j0, k0}.
We now consider the state (12) with the following coefficients,
cj(j0, k0) =
1
4
√
2πσj
exp
{
− (j − j0)
2
4σj
+ iφ(j0, k0)j
}
. (22)
For the moment, we still do not fix the value of the variance σj . As we simply added a phase to (15),
this new state still guarantees (17) and (16). Let us study the expectation value of J213. Using (8), we
can write
|ψ〉 =
∑
k
c′k(j0, k0)|k〉13, (23)
with
c′k(j0, k0) =
∑
j
cjWjk. (24)
We have straightforwardly
〈ψ|J213|ψ〉 =
∑
k
|c′k|2C2(k), (25)
thus the expectation value of J13 as well as its uncertainty are determined by the coefficients c
′
k. Their
exact evaluation is rather non trivial. However, since we are interested only in the large scale limit,
we compute the c′k only for large spins. The expansion in the spins of course spoils the normalisation,
thus in the following we will consider the normalised expectation value 〈ψ|J213|ψ〉/〈ψ|ψ〉.
To study the large j expansion of (24), we can use the well–known formula for the asymptotics of
the {6j} symbol [15, 16, 17, 18],{
j1 j2 j
j3 j4 k
}
≃ cos
(
SR[je] +
pi
4
)√
12 π V (je)
, (26)
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where SR[je] is the Regge action of the auxiliary tetrahedron,
SR[je] =
∑
e
(je +
1
2
)φe(je), (27)
and the φe are the dihedral angles, whose expressions in terms of edge lengths are as in (21). Using
(26), we can write (24) as
c′k ≃
∑
j
µ(j, k)
4
√
2πσj
cos
(
SR[je] +
π
4
)
exp
{
− (j − j0)
2
4σj
+ iφ(j0, k0)j
}
, (28)
with
µ(j, k) =
√
djdk
12 π V (ji, j, k)
. (29)
Recall that the Regge action is a discretised version of GR, which captures the non–linearity of the
theory. Because of the Gaussian in (28), we can expand the Regge action and µ(j, k) around the
values j = j0, k = k0. Denoting δj = j − j0, δk = k − k0, we have
SR[je] = SR[j0, k0] +
∂SR
∂j
∣∣∣
j0,k0
δj +
∂SR
∂k
∣∣∣
j0,k0
δk + . . . =
= S0[ji] + φ(j0, k0)j + χ(j0, k0)k +
1
2
Gjjδj
2 +
1
2
Gkkδk
2 +Gjkδjδk + . . . , (30)
where S0[ji] =
∑4
i=1(ji +
1
2 )φi(j0, k0), and we have introduced the shorthand notation
Gjj =
∂2SR
∂j2
∣∣∣
j0,k0
, Gkk =
∂2SR
∂k2
∣∣∣
j0,k0
, Gjk =
∂2SR
∂j∂k
∣∣∣
j0,k0
.
These coefficients can be evaluated from elementary geometry, using the formulae (21) for the dihedral
angles (see for instance the Appendix of [10]). By dimensional analysis it follows that G ∼ 1/j.
Notice the term φ(j0, k0)j appearing in (30): this is the phase of the Gaussian in (28). Therefore,
when we use (30) in (28), this phase is cancelled or doubled, depending on the sign of the two
exponentials of the cosine. But because the phase makes the argument of the sum rapidly oscillating,
we expect only the exponential where the phase is cancelled to contribute to the sum. This mechanism
was first noted in [7], and numerically confirmed in [8].
From the analysis of [10], we know that only the background value µ(j0, k0) enters the leading
order of (28). We can thus write simply
c′k ≃
µ(j0, k0)
2 4
√
2πσj
exp {−iS0[ji]− iχ(j0, k0)k}
∑
j
exp
{
−1
2
(
1
2σj
+ iGjj)δj
2 − iGjkδjδk − i
2
Gkkδk
2
}
.
(31)
The factor S0[ji] gives an irrelevant global phase, and we disregard it in the following. This sum can
be computed approximating it with an integral as we did above, and we obtain
c′k ≃
µ(j0, k0)
2 4
√
2πσj
√
2π
1
2σj
+ iGjj
exp
{
−1
2
(
G2jk
( 12σj + iGjj)
+ iGkk
)
δk2 − iχ(j0, k0)k
}
. (32)
We have obtained a Gaussian distribution in k, with variance
σk :=
1
2
(
G2jk
1
2σj
+ iGjj
+ iGkk
)−1
. (33)
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We can now fix the value of the variance σj , by requiring both σj and σk to be real quantities.
The imaginary part of (33) is (proportional to) G2jjGkk − GjjG2jk + 14σ2
j
Gkk, and imposing it to be
zero we obtain the only solution
σ2j =
Gkk
4Gjj
1
G2jk −GjjGkk
, (34)
and consequently
σ2k =
Gjj
4Gkk
1
G2jk −GjjGkk
. (35)
The reality of the above variances is guaranteed by the following two geometric properties: first,
Gjj < 0 and Gkk < 0 due to the monotonic dependence of any dihedral angle on all edge lengths;
second, G2jk − GjjGkk > 0 due to the triangle inequalities satisfied by the edge lengths. These
properties can be easily verified and we do not provide the proof here.
Notice that because G ∼ 1/j, we have σ2 ∼ j2 and thus (18) is satisfied with p = 1.
Using the explicit value (35) we can write (31) as
c′k ≃
N (1)
4
√
2πσk
exp
{
− (k − k0)
2
4σk
− iχ(j0, k0)k
}
, (36)
where
N (1) :=
µ(j0, k0)
√
pi
2√√
G2jk −GjjGkk + i
√
GjjGkk
is the correction to the normalisation due to the fact that the coefficients are evaluated only at leading
order.
Using (36) in (12) and proceeding as above, it is straightforward to show that
〈ψ|J213|ψ〉
〈ψ|ψ〉 ≃ C
2(k0),
〈ψ|∆2J13|ψ〉
〈ψ|ψ〉 ≃ σk,
so that J13 is peaked around k0 with vanishing relative uncertainty in the large spin limit. Then,
using
〈cos θ̂13〉 ≃ k
2
0 − j21 − j23
2j1j3
, (37)
we can link k0 to the classical value θ13,
k20 = 2j1j3 cos θ13 + j
2
1 + j
2
3 . (38)
This shows that the superposition with coefficients (22) is a good semiclassical state, namely it
satisfies (13).
Notice that the sign of the phase in (36) is opposite to the one in (22); this can be related to
the fact that j1, j2, j all belong to the same vertex in the auxiliary tetrahedron, whereas j1, j2, k are
coplanar.
3.3 Equilateral case
To be more concrete, let us consider a simple example: the equilateral case when Ai ≡ A = j ∀i, j
large, and θij ≡ θ = arccos(− 13 ) ∀ij. From the value of θ we can compute j0 = k0 = 2√3j, using (20).
Notice that the auxiliary tetrahedron is isosceles, not equilateral. The relevant dihedral angle of the
auxiliary tetrahedron can be computed from elementary geometry, and is given by
cosφ(j0) = −4j
2 − 3j20
4j2 − j20
≡ 0, (39)
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namely φ(j0) =
pi
2 . On the other hand, the G coefficients take the following form [10],
Gjk = −
√
2√
2j2 − j20
≡ −
√
3
j
, Gjj = Gkk = −
√
2√
2j2 − j20
j20
4j2 − j20
≡ −1
2
√
3
j
. (40)
Plugging these values in (34) and (35), we obtain the very simple variances σj = σk = j0/3.
The state describing an equilateral semiclassical tetrahedron is then
|ψ〉 = 1
4
√
πj0
∑
j
e−
3
4j0
(j−j0)2+ipi2 j |j〉12 . (41)
3.4 Volume
We have shown that the semiclassical state (22) encodes the quantities A1 . . . A4, θ12, θ13 as expectation
values of geometrical operators. These values form a complete set of classical observables, thus every
other geometrical information can be extracted from them, including the volume of the tetrahedron.
However, it is interesting to see explicitly what the action of the volume operator is on (22). In Section
2 we introduced the operator U corresponding to the square of the volume. To study its action, it is
convenient to work in a different basis. Let us introduce the basis |u〉 of eigenstates of U ,
U |u〉 = u|u〉, |u〉 =
∑
j
auj |j〉12, (42)
where the (generalised) recoupling coefficients auj satisfy the following recursion relation [19],
u auj = i αj+1 a
u
j+1 − i αj auj−1,
αl =
A(l, j1 +
1
2 , j2 +
1
2 )A(l, j3 +
1
2 , j4 +
1
2 )
(2l+ 1)(2l − 1) , (43)
where A(a, b, c) = 14
[
(a + b + c)(a+ b − c)(a− b + c)(b + c− a)
] 1
2
is the area of a triangle with edge
lengths a, b and c.
Using this new basis, it is straightforward to compute
〈ψ|U |ψ〉 =
∑
u
|bu|2 u, bu =
∑
j
cj (a
−1)uj . (44)
In the large j limit, using the explicit Gaussian expression of (15), we can approximate bu ∼ auj0 , so
that (44) reads like the expectation value of the U operator in a configuration where J212 is peaked
around the real number j0,
〈U〉 ∼
∑
u
|auj0 |2 u. (45)
Recall that j0 is not an eigenvalue of J
2
12, so in general 〈U〉 6= 0. We can now refer to the literature
on the volume operator for the semiclassical analysis of (45) (see [1, 2, 3, 11, 20]). For instance in the
equilateral case with A = j, we know from numerical simulations that (45) with j0 =
2√
3
j gives the
correct semiclassical value, 〈U〉 = 8
27
√
3
A3.
We conclude that the state (22) is a good semiclassical state for the geometry of a quantum
tetrahedron: the expectation values of the operators are peaked around classical values with vanishing
relative uncertainties. Notice however that it is not a coherent state in Ij1...j4 : considering the
equilateral case for simplicity, it is straightforward to check that we have ∆2J212 ∆
2J213 ≃ (83 )2j60 ,
whereas 4 |〈U〉|2 = (29 )2j60 , thus the uncertainty (11) is not minimised.
8
4 Conclusions
Let us summarise the procedure to construct the semiclassical state here proposed:
• Choose a classical geometry A1 . . . A4, θ12, θ13, and compute the corresponding spins via Ai = ji
and j0(θ12) and k0(θ13) respectively via (20) and (38).
• Pick up an auxiliary tetrahedron with (12 plus) ji, j0, k0 as edge lengths, and compute the two
dihedral angles φ and χ via (21).
• Choose a basis in Ij1...j4 , say |j〉ab, and take the linear combination with coefficients given by
(22), namely Gaussians with expectation value the required j0 or k0 and phase given by the
corresponding dihedral angle φ or χ. The sign of the phase should be opposite whether the
interwiner edge shares or not a vertex with both edges a and b in the auxiliary tetrahedron.
In the large spin limit, this state satisfies (13). Therefore, it encodes the classical values of the chosen
geometry.
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